Analysis IA
‘Summer Assignment

Power to the Triangle:

Let T = T(a, b, ¢) be AABC whose sides BC = a, CA = b, and AB = c satisfy both
0O<a<b<canda+b > c

Define T2 = (az, b, cz) to be the square of triangle T, provided that such a triangle exists.

Define w/-f = T(«/a_ , w/Z, w[c_) to be the square root of triangle 7, provided thét such a triangle
exists.

Use K(T) for the area of triangle 7 and P(T) for the perimeter of triangle T.

~ Results from a preceding problem may be used in a succeeding problem but not vice versa.
You may use Fermat's Last Theorem as a reason in any proof.

1. a) Show that the square of an equilateral triangle is equilateral.

b) Prove that the square of a right triangle does not exist.
2. Compute all x for which the area of T = T'(1,1, x) is the same as the area of T 2,
3. a) Provethat T 2 exists if and only if Fis acute.

+ b) Prove that ﬁ exists for all 7.

a) Prove that all the angles of w/—f are acute.

>

b) Prove that cos C < % with equality if and only if T is equilateral.

5. Prove that the largest angle of T is at least as close to 60° as the largest angle of T 2,



Let Xn = T(n-1,n,n+1) for n a real number.
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6. a) Determine with proof, all n for which (X n) ,i.e., the square of X 15 triangle.

b) Note that X n= T(10,11,12) can be squared producing triangle 7(100, 121, 144) and that

this can be squared again producing triangle Ti (10000, 14641, 20736). The latter, however,
cannot be squared. Now for an integer p, there exists a real number k, p < k < p+1,such
that foralln > k, X , can be squared at least twice. Find p, justify your answer.

7. a) Provide, with reasons, a triangle which can be squared at least 2001 times and at most
2001 times. ’

b) Let N(T) be the number of times a triangle' T canbe sqliared. For example, N(X : l) =2.
Determine, with proof, all triangles T for which N (T) = . Specify side relationships and
angle restrictions. '

8. a) Provethatif n= w/; +4b+ \/Z for integers n, a, b, and ¢, then a,:b, and ¢ must be perfect
squares. .

b) Using (a) or otherwise, prove that if = T(a, b, c) is a right triaﬁgle with integer sides,
:then the perimeter of VT cannot be an integer. "

9. Prove that there exists a right triangle T with the same perimeter as \[; .

10. Define the reciprocal of T{a, b,c) tobe T -1 T(l,-ll;,l . Whea-T~ lisitselfa triangle,

a c T
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c.

define Tto be invertible. Show that if T is invertible, then @ > ( '

2



A set of positive integers {.rl..r.,,...} is called a Fibonaccisetif vy < xyand v =x ,+.x . forall # > 2.

We say that {a. b} is a subset of a Fibonacci set F if a and b are distinct but not necessarily consecutive members of F. Notice
that any two-member set {n. b} of positive integers is a subset of at lcast one Fibonacci set. Since any Fibonacci set is detennined
by specifying its two smallest members, list just the first two members. Thus, write {1.2,...} for {1.2.3.5,8.13.....}.

1. a) Give an example of a set of positive integers {a, b} that is a subset of onlv one Fibonacci set.

b) For how many Fibonacci sets {.rl,.r ,} is it true that Xy = 20037

X

a) Find all Fibonacci sets that have {8, 144} as a subset. Specify each one by listing its two smallest members.

b) Leta and b be members of a Fibonacci set F with 0 < @ < 4. Prove that a and b are not the smallest members of F if and
onlyif 4 # 2a4. '

3.  Prove that no Fibonacci set has {60, 117, 174} asa subset.

4. Compute the number of Fibonacci sets where v = 2003 for # 2 2.

Prove that any Fibonacci set has infinitely many subsets of the form {a, a+da+ 2:/}.

h

. 6. Prove that no Fibonacci set has a subset of the form {a. a+da+2da+ 3(1’}.

+dforall n>1.
n=1

A set of positive integers {.rl I VN } is called a linear ser if there is a positive integer d for which X, =
7. " a) Prove that the Fibonacci set {7, 11,.. .} and the linear set {8, 23, ... } arc disjoint.

b) Is it possible for a Fibonacci sct and a linear set to have members in common, but only finitely many? Prove your answer.

8. a) Prove that two Fibonacci sets can have gxactlv one member in common.

b) Prove that nvo Fibonacci scts can have gxactlv two members in common.

9. a) Prove that whenever two Fibonacci sets have more than two members in common. then the set of common micmbers is
itsc!f a Fibonacci set.

b) Prove: Given any Fibonacci sets Fl.F,. f;l there is a positive integer that does not belong tc any of them. -

10. Can the sct of positive integers be partitioned inte Fibonacci scts? This means finding infinitely many pair-wise disjoint
Fibonacci sets whose union contains cvery positive integer. Prove your answer.



